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Introduction these are equivalent for bounded sequences. Further
in section 1.3 we study relation between o-statistical

Convergence of random convergence and lacunary o-statistical convergence.

variables (sometimes called stochastic convergence)
is where a set of numbers settle on a particular
number. It works the same way as convergence
anywhere else; For example, cars on a 5-line highway
might converge to one specific lane if there’s an
accident closing down four of the other lanes. In the
same way, a sequence of numbers (which could
represent cars or anything else)
can converge (mathematically, this time) on a single,
specific number. Certain processes, distributions and
events can result in convergence— which basically
mean the values will get closer and closer together.

The main object of this paper is to study two more
extensions of the concept of statistical convergence
namely o-statistical convergence and lacunary o-
statistical convergence. We also study the concept of
Lo-convergence. In section 1.2 we study some
inclusion relations between Lg-convergence and
lacunary o-statistical convergence and show that

If x = {&}, set Tx = {T&} = {&sw}- It can be shown [28] that

Definition 1.1.1. Let 6 be a mapping of the set of
positive integers into itself. A continuous linear
functional ® on |, the space of real bounded
sequences x = {§}, is said to be an invariant
mean or a o-mean if and only if

1. O(x) >0 if &> 0 for all k,
2. D({&}) = P(x) for all x € L,
3. ®(e) =1 where e = {1,1,1,...}.

The mappings ¢ are one-to-one and such
that 6™(k) # k for all positive integers k and m, where
o™(k) denotes the m™ iterate of the mapping o at k.
Thus @ extends the limit functional on c, the space of
convergent sequences, in the sense that ®(x) = lim &
for all x € c. In case ¢ is the translation mapping
k—k+1, an invariant mean is often called a Banach
limit and V,, the set of bounded sequences all of
whose invariant means are equal, is the set of almost
convergent sequences [19].

Ve = {x={&}: nliinw tmk(X) = &e uniformly in k, & = o-lim &}

where t, (X) = G+ T+ +T75,) .

m+1

Several authors including Mursaleen [22], Savas [27], Schaefer [31] and others have studied invariant

convergent sequences.

Definition 1.1.2. A sequence x = {&} is said to be strongly c-convergent [23] to & if
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. 1 n-1 . .
“m—2|§ v — & = Ouniformly in m.
N« N g o' (m)

In this case we write & — §[V,] and [V,] denotes the set of all strongly G-convergent sequences.
Remark 1.1.3.

Q) For 6(m) = m+1, the space [V,] is the space of strongly almost convergent sequences.

(ii) It is known [23] that ¢ c [V,] c V, C L.

Definition 1.1.4. A lacunary sequence is an increasing integer sequence 6 = {k,} such that k, =0 and h; = k; — k.; —
0 asT — oo,

Throughout this paper the intervals determined by 6 will be denoted by I = (keg, K.

Definition 1.1.5. Let 0 be a lacunary sequence. The space denoted by Ny is defined [9] as

.1
Ng = {x = {&}: for some &, flmh_ Z| & —E=0}.
r kel,

Definition 1.1.1. A sequence x = {&} is said to be lacunary strong c-convergent [28] to & if

W 1 . .
r|I£T010h— Z| ?;Gk(m) 2830 uniformly in m.

r kel,
We shall denote by L, the set of all lacunary strong c-convergent sequences.

Remark 1.1.1. Ly & [V,] for every lacunary sequence 6.

Definition 1.1.8. A complex number sequence x = {§;} is said to be c-statistically convergent or S, -convergent to

the number & if for each ¢ >0

1
lim =]{0 <k <n: |E-Gk(m) —&=¢}=0  uniformlyin m.

n—-o N

In this case we write S,-lim & = & or & — &(S,) and S, denotes the set of all o-statistically convergent
sequences.

Definition 1.1.9. Let 6 = {k,} be a lacunary sequence. The complex number sequence x = {&} is said to be lacunary
o-statistically convergent or See-convergent to the number & if for each € > 0

.1
lim—Kkel:|E, —¢g>e}|=0 uniformly in m.
r—oo hr c(m)

In this case we write Sge-lim & = & or & — &(Ss) and Sge denotes the set of all lacunary o-statistically convergent
sequences.
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1.2 SOME INCLUSION RELATIONS BETWEEN L,-CONVERGENCE AND LACUNARY o-
STATISTICAL CONVERGENCE

In his section we study some inclusion relations between Lg-convergence and lacunary o-statistical
convergence and show that these are equivalent for bounded sequences.

Theorem 1.4.1. Let 0 = {k,} be a lacunary sequence. Then
(M) & — &(Lo) = & — &(So),

(i) if X € 1,, and & — &(Ssp), then & — &(Lyg),

(iii) Seo N 1, = L.

Proof. (i). Since & — &(Ly), for each € > 0, we have
IimiZ]F3 o —E=0 uniformly in m. ..(1)
r—>oo hr Kel c (m)

If € > 0, we can write

2l um-8z D&, -8

kel, kel,
g 3

=€

oK(m)
zek € Ir]C | —&l=ell

Consequently,

1 .1

M o= D1 &y~ 825 M=K E 1 1E )~ 8283
r kel, r

Hence by (1) and the fact that € is fixed number, we have

.1
lim —[kel:|§,  —&=e=0 uniformly in m,
r—>o hr c*(m)

i.e. & — &(Sc)-

(ii). Suppose that & — &(Sqe) and X € l.. Then for each £ > 0

.1
lim —Kkel:|E, —&=>e}=0 uniformly in m. (2)
r—o hr o (m)

Since x € I.., there exists a positive real number M such that | ick(m) — & <M for all k and m.

For given & > 0, we have
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1 1 1
D L e N e D3 L

r kel, r kel, r kel,
Eokm 5| 2 € Eokm 5 <€
1 1 M
< — M+—> ¢ = —
hr kel, hr kel, hr
éak(m)_é €

1
MK 1E sy 826} In-(n-hed) + 1]

r

M 1
= HKEIIE ) gz el et

r r

:EAHKE|W§ —&lze}| e
h "1RKm) 2T

r

1 1
= Ilm—ZI&Gk(m)—QSMrlgrgoﬁ{kelr:|§6k(m)—é|zs}|+s

r—>oo hr k€|r

Hence by using (2), we get
i 1 | . :
im o Z| F’ck(m) —&=0 uniformly in m. ..(3)

= & — &(Ly).

Example 1.2.2. Let 0 be given and define & to be 1,2,3,...[ 1/hr Jfork=c"(m), n=ku+1 Kka+2,.. kaq+[

1/hr ]; m> 1 and &, = 0 otherwise (where [ ] denotes the greatest integer function).

Note that x is not bounded. Now

1 | _Wh]
CHKE LG 01z ell= S

r r

— 0asr— oo,
ie. E_,k g O(Sce). But

. —0l= — hl1—r- 7y, = o,
h zl‘ic(m) Ol hr([ ] 2 ) #0asr—

r kel,

i.e. & »0(Ly).
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Thus inclusion in (i) is proper and this example shows that the boundedness condition can not be omitted from (ii).

(iii). 1t follows from (i), (ii), Remark 1.1.7 and the fact that [V,] C L.
This completes the proof of the theorem.

1.3 In this section we study relation between S -convergence and Sig-convergence. First we discuss a lemma
which will be used in studying that relation.

Lemma 1.4.1. A sequence x = {&} is o-statistically convergent to the number & if for given €; > 0 and each € > 0,
there exist ng and mg such that

1 <k<n-1: >
S0sksnL G ) ~gzel <

for all n > ng and m > m,.

Proof. Let €; > 0 be given. For each ¢ > 0, choose no and my such that

Lioskentie, —grg<l )
L0 sk b5, -gze< S

for all n > ng and m > m,,.

It is enough to prove that there exists n, such that forn>ny , 0 <m < mo,
1 0<k<n-1: >l <
EH <k<n- -|§6k(m)*§|_8}| €1 (5)

since taking o= max {no,ny }, (5) will hold for n > nyand for all m, which gives the result.

Once mg has been chosen, 0 <m < mg, myis fixed.

Solet[{0<k<mg1:|E ,  —E=e}[=K.

Now taking 0 < m < mgand n > mg, we have

1 0<k<n-1: > —1 0<k< 1: >
SO Skl g2 e}l = — [0 <k<meLi|E ., ~8> sl
1
+oHmosksnLi18 ) — gz el

€, :
K+ E [Using (4)]

<g [Taking n sufficiently large]
which gives (5), and hence the result follows.
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Theorem 1.3.2. Sq = S, for every lacunary sequence 6.
Proof. Let x € Sg. Then from Definition 1.1.9, given & > 0, there exist ryand & such that

1 0<k<h,-1: >gl<
h_|{ SK= r—-|§6k(m)—§|_8}| &

r
forr>rpandm=Kk,;+1+u u>0.
Let n>h, and write n = ih, + t where 0 <t <h,, i is an integer. Since n > h,, it follows that i > 1.

Now

1 O<k< 1: > <1 O<k< i+1h, -1: >
0 skEn-LiE, ) — gz el S SH0SkS (Db LG, ~8z el
1<, )
= = | <k<GHDh L[, & >8]

n c(m)

< —(i+1)h g

Sk

|
for —— <1, since — < 1. So
n n

1
SO SkEnL Gy, ~Ez el <2

Then, by Lemma 1.4.1, X € S,.

Thus S € S,.

It is easy to see that S,  Sg.

Hence Sy = S, for every lacunary sequence 6.
This completes the proof of the theorem.

Remark 1.3.3. When o(m) = m + 1, from Definition 1.1.8 and Definition 1.1.9, we have the definitions of almost
statistical convergence and lacunary almost statistical convergence of a sequence.
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