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Introduction 

 Convergence of random 

variables (sometimes called stochastic convergence) 

is where a set of numbers settle on a particular 

number. It works the same way as convergence 

anywhere else; For example, cars on a 5-line highway 

might converge to one specific lane if there’s an 

accident closing down four of the other lanes. In the 

same way, a sequence of numbers (which could 

represent cars or anything else) 

can converge (mathematically, this time) on a single, 

specific number. Certain processes, distributions and 

events can result in convergence— which basically 

mean the values will get closer and closer together. 

The main object of this paper is to study two more 

extensions of the concept of statistical convergence 

namely σ-statistical convergence and lacunary σ-

statistical convergence. We also study the concept of 

Lθ-convergence. In section 1.2 we study some 

inclusion relations between Lθ-convergence and 

lacunary σ-statistical convergence and show that 

these are equivalent for bounded sequences. Further 

in section 1.3 we study relation between σ-statistical 

convergence and lacunary σ-statistical convergence. 

Definition 1.1.1. Let σ be a mapping of the set of 

positive integers into itself. A continuous linear 

functional Ф on l∞, the space of real bounded 

sequences          x = {ξk}, is said to be an invariant 

mean or a σ-mean if and only if 

1. Ф(x) ≥ 0 if ξk ≥ 0 for all k, 

2. Ф({ξσ(k)}) = Ф(x) for all x ∈ l∞, 

3. Ф(e) = 1 where e = {1,1,1,…}. 

The mappings σ are one-to-one and such 

that σ
m
(k) ≠ k for all positive integers k and m, where 

σ
m
(k) denotes the m

th
 iterate of the mapping σ

 
at k. 

Thus Ф extends the limit functional on c, the space of 

convergent sequences, in the sense that Ф(x) = lim ξk 

for all x ∈ c. In case σ is the translation mapping 

k→k+1, an invariant mean is often called a Banach 

limit and Vσ, the set of bounded sequences all of 

whose invariant means are equal, is the set of almost 

convergent sequences [19].  

If x = {ξk}, set Tx = {Tξk} = {ξσ(k)}. It can be shown [28] that  

Vσ = {x = {ξk}: x)(tlim mk
m 

= ξe uniformly in k, ξ = σ-lim ξk} 

where x)(tmk  = 
1m

)T...T( k

m

kk




. 

Several authors including Mursaleen [22], Savas [27], Schaefer [31] and others have studied invariant 

convergent sequences. 

Definition 1.1.2. A sequence x = {ξk} is said to be strongly σ-convergent [23] to ξ if     
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





1- n

0k
m)(n

k|
n

1
lim – ξ| = 0 uniformly in m.      

In this case we write ξk → ξ[Vσ] and [Vσ] denotes the set of all strongly                σ-convergent sequences. 

Remark 1.1.3.  

(i)  For σ(m) = m+1, the space [Vσ] is the space of strongly almost convergent sequences. 

(ii) It is known [23] that c ⊂ [Vσ] ⊂ Vσ ⊂ l∞. 

Definition 1.1.4. A lacunary sequence is an increasing integer sequence θ = {kr} such that k0 = 0 and hr = kr – kr-1 → 

∞ as r → ∞. 

Throughout this paper the intervals determined by θ will be denoted by             Ir = (kr-1,  kr]. 

Definition 1.1.5. Let θ be a lacunary sequence. The space denoted by Nθ is defined [9] as  

Nθ = {x = {ξk}: for some ξ, 





rk

k

r
r

|
h

1
lim

I

– ξ| = 0}.                                

Definition 1.1.1. A sequence x = {ξk} is said to be lacunary strong σ-convergent [28] to ξ if  







r

k

k
(m)

r
r

|
h

1
lim

I

– ξ| = 0 uniformly in m. 

We shall denote by Lθ the set of all lacunary strong σ-convergent sequences. 

Remark 1.1.1. Lθ ⇔ [Vσ] for every lacunary sequence θ. 

Definition 1.1.8. A complex number sequence x = {ξk} is said to be σ-statistically convergent or Sσ -convergent to 

the number ξ if for each ε > 0 

n

1
lim
n 

|{0 ≤ k ≤ n: |
 mk

  – ξ| ≥ ε}| = 0 uniformly in m. 

In this case we write Sσ-lim ξk = ξ or ξk → ξ(Sσ) and Sσ denotes the set of all       σ-statistically convergent 

sequences. 

 

Definition 1.1.9. Let θ = {kr} be a lacunary sequence. The complex number sequence x = {ξk} is said to be lacunary 

σ-statistically convergent or                Sσθ-convergent to the number ξ if for each ε > 0 

r
r h

1
lim


|{k ∈ Ir : |  mk

  – ξ| ≥ ε}| = 0 uniformly in m. 

In this case we write Sσθ-lim ξk = ξ or ξk → ξ(Sσθ) and Sσθ denotes the set of all lacunary σ-statistically convergent 

sequences. 
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1.2 SOME INCLUSION RELATIONS BETWEEN Lθ-CONVERGENCE AND LACUNARY σ-

STATISTICAL CONVERGENCE 

In his section we study some inclusion relations between Lθ-convergence and lacunary σ-statistical 

convergence and show that these are equivalent for bounded sequences. 

Theorem 1.4.1. Let θ = {kr} be a lacunary sequence. Then 

(i) ξk → ξ(Lθ) ⇒ ξk → ξ(Sσθ),  

(ii) if x ∈ l∞ and ξk → ξ(Sσθ), then ξk → ξ(Lθ),  

(iii) Sσθ ∩ l∞ = Lθ. 

Proof. (i). Since ξk → ξ(Lθ), for each ε > 0, we have  







r

k

k
(m)

r
r

|
h

1
lim

I

– ξ| = 0 uniformly in m.  …(1) 

If ε > 0, we can write  

 





r

k

k
(m)

|
I

– ξ| ≥ 









ε

k
)(m

)m(k

r

k|
I

 – ξ| 

        ≥ ε|{k ∈ Ir: |  mk
  – ξ| ≥ ε}| 

Consequently, 







r

k

k
(m)

r
r

|
h

1
lim

I

– ξ| ≥ ε 

r
r h

1
lim


|{k ∈ Ir: |  mk

  – ξ| ≥ ε}| 

Hence by (1) and the fact that ε is fixed number, we have 

r
lim

rh

1
|{k ∈ Ir: |  mk

  – ξ| ≥ ε}| = 0 uniformly in m, 

i.e. ξk → ξ(Sσθ). 

 

(ii). Suppose that ξk → ξ(Sσθ) and x ∈ l∞. Then for each ε > 0 

r
lim

rh

1
|{k ∈ Ir: |  mk

  – ξ| ≥ ε}| = 0 uniformly in m.  ...(2) 

Since x ∈ l∞, there exists a positive real number M such that 
(m)k|


  – ξ| ≤ M for all k and m.  

For given ε > 0, we have   
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        





r

k

k
(m)

r

|
h

1

I

– ξ| = 









ε

k
m)(

r

m)(k

r

k|
h

1

I

– ξ| + 









ε

k
m)(

r

m)(k

r

k|
h

1

I

– ξ| 

≤ 





ε

kr

m)(k

r

M
h

1

I

 + 
 rkr

ε
h

1

I

                                  = 

rh

M

|{k ∈ Ir: |  mk
  – ξ| ≥ ε}| + ε

rh

1
[n–(n–hr+1) + 1] 

= 

rh

M
|{k ∈ Ir: |  mk

  – ξ| ≥ ε}| + ε

rh

1
hr       

    = 

rh

M
|{k ∈ Ir: |  mk

  – ξ| ≥ ε}| + ε 

⇒ 





r

k

k
(m)

r
r

|
h

1
lim

I

– ξ| ≤ M 

r
r h

1
lim


|{k ∈ Ir: |  mk

  – ξ| ≥ ε}| + ε 

Hence by using (2), we get                







r

k

k
(m)

r
r

|
h

1
lim

I

– ξ| = 0 uniformly in m.  …(3)          

⇒    ξk → ξ(Lθ). 

 

Example 1.2.2. Let θ be given and define ξk to be 1,2,3,…,[ rh ] for k = σ
n
(m),     n = kr-1 + 1, kr-1 + 2,…,kr-1 + [

rh ]; m ≥ 1 and ξk = 0 otherwise (where [ ] denotes the greatest integer function). 

Note that x is not bounded. Now  

rh

1
|{k ∈ Ir : |  mk

  – 0| ≥ ε}| = 

r

r

h

]h[
 → 0 as r → ∞, 

i.e. ξk → 0(Sσθ). But  







r

k

k
(m)

r

|
h

1

I

– 0| = 

rh

1
(

2

)1]h([
]h[ r

r


) → 

2

1
 ≠ 0 as r → ∞, 

i.e. ξk ↛0(Lθ). 
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Thus inclusion in (i) is proper and this example shows that the boundedness condition can not be omitted from (ii).  

 

(iii). It follows from (i), (ii), Remark 1.1.7 and the fact that [Vσ] ⊂ l∞. 

This completes the proof of the theorem.  

1.3 In this section we study relation between Sσ-convergence and Sσθ-convergence. First we discuss a lemma 

which will be used in studying that relation.   

Lemma 1.4.1. A sequence x = {ξk} is σ-statistically convergent to the number ξ if for given ε1 > 0 and each ε > 0, 

there exist n0 and m0 such that 

n

1
|{0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| < ε1 

for all n ≥ n0 and m ≥ m0. 

Proof. Let ε1 > 0 be given. For each ε > 0, choose n0
'
 and m0 such that  

n

1
|{0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| < 

2

ε1   …(4) 

for all n ≥ n0
'
 and m ≥ m0. 

It is enough to prove that there exists n0
'' 

such that for n ≥ n0
''
, 0 ≤ m ≤ m0, 

n

1
|{0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| < ε1  …(5)  

since taking n0 = max {n0
'
,n0

'' 
}, (5) will hold for n ≥ n0

 
and for all m, which gives the result.  

Once m0 has been chosen, 0 ≤ m ≤ m0, m0 is fixed.  

So let |{0 ≤ k ≤ m0–1: |
 mk

  – ξ| ≥ ε}| = K.  

Now taking 0 ≤ m ≤ m0 and n ≥ m0, we have  

n

1
|{0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| = 

n

1
|{0 ≤ k ≤ m0–1: |

 mk
  – ξ| ≥ ε}|  

     + 
n

1
|{m0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| 

       ≤ 
n

1
K + 

2

ε1
   [Using (4)] 

           < ε1    [Taking n sufficiently large] 

which gives (5), and hence the result follows. 
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Theorem 1.3.2. Sσθ = Sσ for every lacunary sequence θ. 

Proof. Let x ∈ Sσθ. Then from Definition 1.1.9, given ε1 > 0, there exist r0 and ξ such that  

rh

1
|{0 ≤ k ≤ hr –1: |

 mk
  – ξ| ≥ ε}| < ε1 

for r ≥ r0 and m = kr-1 + 1 + u, u ≥ 0. 

Let n ≥ hr and write n = ihr + t where 0 ≤ t ≤ hr, i is an integer. Since n ≥ hr, it follows that i ≥ 1.  

Now  

n

1
|{0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| ≤ 

n

1
|{0 ≤ k ≤ (i+1)hr –1: |

 mk
  – ξ| ≥ ε}| 

     = 


i

0 j

|
n

1
{jhr ≤ k ≤ (j+1)hr –1: |

 mk
  – ξ| ≥ ε}| 

     ≤ 
n

1
(i+1)hr ε1 

     ≤ 2i hr

n

ε1     [i ≥ 1]  

for 
n

hr ≤ 1, since 
n

ihr ≤ 1. So 

n

1
|{0 ≤ k ≤ n–1: |

 mk
  – ξ| ≥ ε}| ≤ 2ε1. 

Then, by Lemma 1.4.1, x ∈ Sσ. 

Thus Sσθ ⊂ Sσ.  

It is easy to see that Sσ ⊂ Sσθ. 

Hence Sσθ = Sσ for every lacunary sequence θ. 

This completes the proof of the theorem. 

Remark 1.3.3. When σ(m) = m + 1, from Definition 1.1.8 and Definition 1.1.9, we have the definitions of almost 

statistical convergence and lacunary almost statistical convergence of a sequence. 

References: 

[1] S. Banach, Theorie des Operations 

Linearies, Warsazwa, 1932. 

[2] M.S. Burgin, Theory of fuzzy limits, Fuzzy 

Sets and Systems 115 (2000) 433-443. 

[3] M.S. Burgin, Uncertainty and imprecision in 

analytical context: Fuzzy limitsand fuzzy derivatives, 



The International Journal of Interpretation, Observation and Analysis        2025;2,1(April-June)  IJIOA        

                                                                                          

127 
https://ijioa.com/                                                                                                         cosmospub2023@gmail.com 

 
 

 

International J. of Uncertainty, Fuzziness and 

Knowledge-Based Systems 9 (5) (2004) 563-585. 

[4] M.S. Burgin and O. Duman, Statistical 

convergence and convergence in statistics, 

eprint arXiv: math/0612179 Publication 

Date: 12/2006. 

[5] J.S. Connor, The statistical and strong p-

Cesàro convergence of sequences, Analysis 

8 (1988) 47-63. 

[6] J.S. Connor, On strong matrix summability 

with respect to a modulus and statistical 

convergence, Canad. Math. Bull. 32 (2) 

(1989) 194-198. 

[7] J.P. Duran, Infinite matrices and almost 

convergence, Math. Zeit. 128 (1972) 75-83.  

[8] H. Fast, Sur la convergence statistique, 

Colloq. Math. 2 (1951) 241-244. 

[9] A.R. Freedman, J.J. Sember and M. 

Raphael, Some Cesàro type summability 

spaces, Proc. London Math. Soc. 37 (3) 

(1978) 508-520. 

[10] J.A. Fridy, On statistical convergence, 

Analysis 5 (1985) 301-313. 

[11] J.A. Fridy, Statistical limit points, Proc. 

Amer. Math. Soc. 118 (4) (1993)  1187-

1192. 

[12] J.A. Fridy and C. Orhan, Lacunary statistical 

convergence, Pacific J. Math. 160 (1) 

(1993) 43-51. 

[13] J.A. Fridy and C. Orhan, Statistical limit 

superior and limit inferior, Proc. Amer. 

Math. Soc. 125 (12) (1997) 3625-3631. 

[14] C. Goffman and G. Pedrick, First Course in 

Functional Analysis, Prentice Hall of India, 

New Delhi, 1995. 

[15] J.P. King, Almost summable sequences, 

Proc. Amer. Math. Soc.16 (6) (1966) 1219-

1225. 

[16] E. Kolk, The statistical convergence in 

Banach spaces, Acta Comment. Univ. Tartu. 

928 (1991) 41-52. 

[17] B. Kuttner, Note on strong summability, J. 

London Math. Soc. 21 (1946) 118-9122. 

[18] L. Leindler, Über die de la Valée-

Pousinsche summierbrakiet allgemeiner 

orthogonalreihen, Acta. Acad. Sci. Hungar. 

16 (1965) 375-381. 

[19] G.G. Lorentz, A contribution to the theory 

of divergent sequences, Acta Math. 80 

(1948) 167-190. 

[20] I.J. Maddox, Spaces of strongly summable 

sequences, Quart. J. Math. 18 (2) (1967) 

344-355. 

[21] I.J. Maddox, Statistical convergence in a 

locally convex space, Math. Proc. Camb. 

Phil. Soc. 104 (1988) 141-145. 

[22] Mursaleen, Invariant means and some matrix 

transformations, Tamkang J. Math. 10 (2) 

(1979) 183-188. 

[23] Mursaleen, Matrix transformations between 

some new sequence spaces, Houston J. Math. 

9 (4) (1983) 505-509. 

[24] Mursaleen, λ-statistical convergence, Math. 

Slovaca 50 (1) (2000)        111-115. 

[25] I. Niven and H.S. Zuckerman, An 

Introduction to The Theory of Numbers, 

Fourth Ed., New York, John Wiley and 

Sons, 1980. And er Pope. 

WWW.enotes.com 


